Unmanned aerial vehicle (UAV) assisted cellular communication is gaining significant interest recently. Although it offers several advantages over terrestrial communication, UAV communication suffers from two main shortcomings. The typical untethered UAV (uUAV) has a limited battery power supply and therefore limited flying time, and it needs an extra wireless backhaul link to connect users to the core network. In this paper, we propose the utilization of the tethered UAV (tUAV) to assist the cellular network, where the tether provides power supply and connects the tUAV to the core network through high capacity link. The tUAV however has a limited mobility due to the limited tether length. A stochastic geometry-based analysis is provided for the coverage probability of an UAV-assisted cellular network where the mobile users located within a circular hot-spot. For that setup, we analyze and compare two scenarios: (i) utilizing uUAV and (ii) utilizing tUAV, for offloading the terrestrial base station (TBS). We capture the aforementioned limitations of each of the uUAV and the tUAV in our analysis. A novel user association analysis is provided given the TBS and the UAV locations. Next, we study the optimal locations of the uUAV and the tUAV to maximize the coverage probability. Multiple useful insights are revealed. For instance, numerical results show that tUAVs outperform uUAVs when the tether length is above 75 m, given that the uUAV is available for 80% of the time due to its battery limitations. 2 I. INTRODUCTION Unmanned aerial vehicle (UAV) communication is rapidly gaining tremendous interest in the Information and Communication Technologies (ICT) community due to the increased demands of the communication systems and the advantages such UAVs can offer [1]-[5]. Because of their increased reliability, flexibility and cost-efficiency, UAVs are envisioned in the context of wireless communication as airborne base stations (ABS) [2], relays [2], [6], [7], user equipments (UE) [8], and data fusion access points [9]-[12]. The air to ground/ground to air (A2G/G2A) communication channel quality between the UAV and the ground terminals is in general better than the normal ground to ground communication channel, due to the higher line of sight (LoS) probability [13].
B. Contribution
We study the coverage probability of a uniformly distributed user within a circular hot-spot served by a TBS and a UAV. We assume that the UAV and the BS share the same spectrum by scheduling available channels and therefore no inter-cell interference. Further, the interference caused by neighboring cells is ignored (or combined with the thermal noise). The users associate with the TBS or the UAV based on the average user-end link signal to noise ratio (SNR). To compare the links from the served user to the BS and the UAV, the conditional probability density function (PDF) of the distance between the user and UAV given the distance between the user and the TBS is derived. While the tUAV is directly connected to the core network, the uUAV backhaul data traffic to the TBS. The contribution of the paper is summarized as follows:
• We provide analysis for the uUAV and the tUAV-assisted systems coverage probabilities based on stochastic geometry, where users are uniformly distributed over a circular hot-spot. • We derive the joint PDF of the distance between a uniformly distributed RU on one hand and the TBS and UAV on the other hand. This joint PDF is needed to obtain the system coverage probability where users associate with the UAV or the TBS based on the user-end link quality.
• The uUAV and tUAV locations are optimized such that the UAV-assisted system coverage probability over the hot-spot is maximized.
• A comparison between the uUAV and the tUAV-assisted TBS system performance is provided.
II. SYSTEM MODEL
We study the downlink coverage for a setup where an area of high user density (hotspot) is required to be served by a UAV to offload the terrestrial base station (TBS). We model the hotspot region by a disk centered at the origin with radius R o . The users are assumed to be uniformly distributed within the hotspot area. More formally, the location of a randomly selected user is uniformly distributed inside B(L o , R o ), where L o = {0, 0, 0}, and B(L, R) ⊂ R 2 is a ball centered at L with radius R. Without the loss of generality, the TBS location is assumed over the x-axis at L b = {x b , 0, h b } for the simple presentation. We focus in this paper on comparing two scenarios: (i) the UAV is untethered, and can hover freely at any location in R 3 , and (ii) the UAV is connected to a ground station (GS) through a tether. In the first scenario, the uUAV's first limitation is its limited battery, which forces the uUAV to interrupt its operation whenever the battery is depleted in order to fly back to a charging station to recharge/replace its battery. We Hot-spot center Reference user Arbitrary user Fig. 1 : Data offloading through tUAV system model. capture this limitation through the probability of availability A of uUAVs. The second limitation is the wireless backhaul link between the uUAV and the TBS. This is also captured in the analysis of the coverage probability of a user associated with the uUAV where both the user-UAV link and the UAV-TBS link need to satisfy the coverage conditions. In the second scenario, the tUAV is connected to a GS that is placed on the rooftop of a building. We assume that we have N potential rooftops, each located at L n , where n ∈ {1, . . . , N }. The objective is to find the optimal rooftop to place the GS. The tether that connects the tUAV to the GS provides the tUAV with stable power supply and a wired backhaul link connected to the core network. Hence, both limitations of uUAV do not exist in the scenario of tUAV. However, the main limitation of this setup is the maximum length of the tether T and its minimum inclination angle φ. This reduces the mobility freedom of the tUAV and forces it to be placed within a spherical cone centered at the rooftop and defined as follows:
where L u = {x u , y u , h u } is the location of the uUAV, and h n is the altitude of the rooftop located at L n . The considered setup, when a tUAV is used, is shown in Fig. 1 . In the rest of the paper, we will focus our analysis on a reference user (RU), which is a randomly selected user within the disk B(L o , R o ) and located at L r . The notations throughout the paper are summarized in Table I . In the following subsections, we describe the communication links between the TBS and the RU, and the ground-to-air/air-to-ground (G2A/A2G) links between the UAV on one side and the TBS or the RU on the other side. Then, the RU association policy is presented. 
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A. Base-station to reference user links
The TBS-RU links experience power law path-loss attenuation and a Rayleigh fading. Hence, the power level decays with distance
where α b is the path loss exponent and R b = L b −L r is the distance between the RU and the TBS. The power of each transmission also experiences an exponential, independent and identically distributed gain G b with the probability density function (PDF),
where µ is the exponential fading parameter. The signal to noise ratio (SNR) at the RU is expressed as,
where ρ b is the TBS transmission power and σ 2 n is the noise variance.
B. Air to Ground links
In the scenario of tUAV, the only A2G/G2A link that needs to be considered is the UAV-RU link. This is due to the tethered backhaul link available between the tUAV and the GS. On the 7 other hand, in case of uUAV, we also need to study the UAV-TBS backhaul link. Hence, in this subsection, we explain both UAV-RU and TBS-UAV links. Both links experience power law path-loss attenuation, Nakagami-m fading and LoS/NLoS attenuation coefficient. The transmitted signal between a UAV at height h u and an arbitrary point at L i = {x i , y i , h i } and distance R u−i = L u − L i from the UAV experiences LoS attenuation with probability,
where K = R u−i √ γ 2 γ 3 − 1 , and γ 1 , γ 2 and γ 3 are environment parameters representing building heights distribution parameter, the ratio of built up land to the total land area, and the average number of buildings per km 2 , respectively [32] . At a fixed TBS height h b , (4) can be approximated for the TBS-UAV link as follows [13] ,
where R b−u = L b −L r is the distance between the TBS and the RU, a b and b b are approximation parameters dependent on h b , γ 1 , γ 2 and γ 3 . Similarly, The LoS probability between the UAV and the RU, which is at height h r = 0, can be approximated as,
where R u = L u − L r is the distance between the UAV and the RU, a r and b r are dependent on h r , γ 1 , γ 2 and γ 3 . For a TBS height h b = 10m and a dense urban area with γ 1 = 20, γ 2 = 0.5 and γ 3 = 300, the approximation parameters a b = 6.4, b b = 0.18, a r = 12 and b r = 0.2 approximate the LoS probability as Fig. 2 shows.
The generalized Nakagami-M fading is assumed to model the G2A/A2G channel fading.
Hence, the channel fading gain is Gamma distributed with the PDF,
where Γ(·) is the gamma function. While setting m = 1 models the Rayleigh fading, the Rician fading is approximated by setting m > 1 [33] . Given the aforementioned G2A/A2G channel characteristics, the signal to noise ratio (SNR) for the UAV-RU is expressed as,
where ρ u is the UAV transmission power and η i , ∀i ∈ {LoS, NLoS} are the attenuation coeffi- The UAV acts as a relay between the reference user and the core network. We assume a high fiber optics packed communication capacity between the tUAV and the core network. On the other hand, the uUAV communicates with the TBS over a G2A/A2G link with the SNR,
C. Association Policy
The RU associates with the TBS or the UAV based on the average user-end links' SNRs. In case of LoS, the RU associates with the UAV if it is located within the area B u LoS . Similarly, in case of NLoS, the RU associates with UAV if it is located within the area B u NLoS where 
III. COVERAGE PROBABILITIES
Since the RU location is random, we first need to derive the necessary distance distributions between the TBS/UAV and the RU to express the coverage probabilities. These distance distributions are derived in the next subsection. 9 Hot-spot center
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A. Distance Distributions
As observed from the previous section, the user association policy highly relies on the RU's uniformly distributed location within B(L o , R o ). In particular, the association process depends on both random variables R b and R u . We define
as the distance between the projection of the TBS on the x − y plane and the RU. Similarly, we define R u = R 2 u − h 2 u as the distance between the RU and the projection of the UAV on the x − y plane. A top view of the system is shown in Fig. 3 . Note that for any location L ∈ R 3 , distance D i,j and radius R i , we refer to their projection on the x − y plane as L , D i,j and R i respectively. To derive the coverage probability, we first need to compute the joint PDF of R b and R u as well as the marginal PDF of each of them, which is provided in this subsection. Before that, we formally define the line, the circle and the arc sets as follows, Definition 1. The line connecting the point at L i to the point at L j is defined as,
Definition 2. The circle centered at L i with radius R i is defined as,
Definition 3. For any two intersecting circles, we define the arc of C(L j , R j ) located inside
The PDF f R i (r i ) is given in the following lemma, Lemma 1. The probability density function (PDF) of the distance between a uniformly distributed point within the disk B(L o , R o ) and a point at L i = {x i , y i , 0} is given by
where
Proof. Appendix A .
The PDF of the distance between the RU and the ground projection of the TBS/UAV can be directly found by substituting L i by the TBS/UAV ground projection location in (15) . The derivation in Lemma 1 is similar to a derivation in [34] , [35] except that we consider the case
can be derived as in [35] (Appendix A), we express the coverage probabilities (in the next subsection) based on the R i for the simple presentation. The conditional PDF f R i |R j (r i |r j ) is expressed as follows, Lemma 2. The conditional probability density function (PDF) of the distance between a uniformly distributed RU at L r within the disk B(L o , R o ) and a UAV projection location at L u = {x u , y u , 0} given the distance from L r a TBS ground projection at L b = {x b , 0, 0} is expressed as:
In (16),
are at the points of intersection between C(L o , R o ) and C(L b , r b ) expressed as,
The 
1 {·} is the indicator function which equal one if the condition is satisfied and zero otherwise.
Proof. Appendix B .
B. Coverage Probability
The coverage probability is defined as the probability that the received SNR is greater that a threshold β. In this subsection, we first derive the coverage probability for the direct link between the TBS and the reference user as given in Theorem 1. 
the PDF of the distance between the RU and the ground projection of the TBS as given en Lemma 1.
Proof. Appendix C.
The coverage probability P b−r (β) is directly used to assess a system with only one TBS to provide data communication. In the following theorem, we derive the coverage probability for the link connecting the RU to the UAV. 
For the tUAV, data transmitted over the G2A/A2G link is directly connected to the core network through the high capacity tether link. On the other hand, uUAV needs to be connected to the TBS in order to reach the core network. The coverage probability of the link connecting the TBS and the uUAV is given in the following corollary. 
where D b−u is the distance between the UAV and the TBS.
Proof. Directly follows from Theorem 2 proof with the random RU location substituted by the deterministic TBS location.
The coverage probability from the TBS to the RU through the uUAV is defined as the probability that the transmission over both links (TBS-UAV and UAV-RU) is successful and is given as,
which follows from (23) and (24) assuming independence between the TBS-UAV link and the UAV-RU link.
By combining the links coverage probabilities, we derive the uUAV and the tUAV-assisted system coverage probabilities based on the association policy given in (10) and (11) . The tUAV- 13 assisted TBS coverage probability over the hot-spot B(L o , R o ) is expressed as,
where,
In (26) 
The expression in (33) is similar to (26) except that the backhaul TBS-uUAV link is considered in the case of association with the uUAV. Further, an extra term is introduced to consider the uUAV availability probability.
In the next section, we optimize the uUAV and the tUAV locations such that P u and P t are maximized.
IV. OPTIMAL UAV HOVERING LOCATION
The analyses in the previous section extract the different system coverage probabilities given the TBS and the UAV locations. While the TBS is fixed, the UAV can move to achieve higher coverage probabilities. To find the optimal UAV location such that the system coverage probability is maximized, we can perform exhaustive search over all possible UAV locations.
Computing the coverage probability over all possible locations is intractable. In this section, we prove that the optimal UAV location, such that the overall system coverage probability P u or P t is maximized, belongs to a set of small subspaces. Given these subspaces, we can perform exhaustive search or other search methods such as simulated annealing.
While the uUAV can hover freely at any location in the R 3 , the tUAV hovering region is restricted by the GS locations L n , ∀n ∈ {1, · · · , N }, the tether length T and the minimum tether inclination angle φ as described in (1) .
Given that, without loss of generality, the hot-spot is centered at the origin, L o , and the TBS is located at L b = {x b , 0, h b }, we observe the symmetry of the UAV locations around the x-axis.
Therefore, we only study the half space {y ≥ 0} and generalize the result on the other half space. For the tUAV, we only study the case where y n ≥ 0 and generalize the findings on the other half space. If L n is near the x-axis, we note that some part of the spherical cone may belong to the half space {y ≤ 0}. We ignore this part of the spherical cone since it is symmetric to a subset of the spherical cone within {y ≥ 0} as shown in Fig. 4 for a fixed tUAV height.
We denote the new tUAVs spherical cone regions after cropping (if needed) asM n .
By defining the angle and the distance between the ground projections of L n and L u as follows,
Symmetric regions
Cropped region Fig. 4 : An illustration of a slice of the (cropped) spherical conesM n at a fixed tUAV height h u .
the location of the tUAV L u ∈ M n , ∀n ∈ {1, · · · , N } can be expressed in terms of L n , ψ
u and h u . Using this notation, the spherical cone M n is expressed as,
where R n (h u ) represents the cone bounds given the tUAV height h u < h n + T cos(φ) and the spherical bound when h u ≥ h n + T cos(φ), and is expressed as,
To express the (cropped) spherical coneM n , we need to guarantee that the distance R (n) u does not exceed the x-axis. Hence,M n is defined as,
where,R
We now prove that the optimal tUAV location, such that the system coverage probability is maximized, belongs to a subset of outer plane of the (cropped) spherical cone in the following Theorem.
Theorem 3. The optimal location of a tUAV, L u ∈M n , such that the coverage probability for a RU randomly located at L r ∈ B(L o , R o ) and served by a TBS at L b and a tUAV with a tether base at L n = {x n , y n ≥ 0, h n } is maximum, belongs to the set, where, ψ (n)
An illustration of the set O n at a fixed h u is shown in Fig. 5 .
Proof. Appendix E Based on Theorem 3, we directly conclude the following, Corollary 2. The optimal location of an uUAV, such that the coverage probability P u is maxi-
Proof. For the uUAV, the coverage probability P u is a function of the link quality between the uUAV and the TBS. Therefore, the first part of the proof in Appendix E cannot be used. Based on the second part of the proof, where the distance between the UAV and the TBS is fixed at D b−u , we note that P u is maximized when the uUAV is located at L u = {x u , 0, h u } where
V. NUMERICAL ANALYSIS
In this section, we verify the mathematical analysis against independent Monte Carlo simulations and we provide insightful performance figures against different system parameter and scenarios. Unless otherwise stated, the default system parameters are as in Table II . Fig. 6 shows, the TBS link is not influenced by the UAV location. The tUAV always outperforms the uUAV given that both are hovering at the same location, since the tUAV is directly linked to the core network through a high capacity link. In other words, the difference between P u−r and P b−u−r shows the effect of uUAV backhauling to the TBS. The tUAV-RU link coverage probability, P u−r , is symmetric around the origin, with maximum coverage probability when the tUAV is hovering over the origin. Keep in mind that the tUAV location is restricted by the tether length, inclination angle and the tether GS location. Therefore, direct comparison between P u−r and P b−u−r is not fair as the tUAV might not reach the same locations as the uUAV.
Assuming that the users associate with the UAV or the TBS based on the user-end link average SNR, the UAV-assisted system coverage probability is shown in Fig. 7 , for the UAV located at 175] . Again, the overall system performance is enhanced by placing the tUAV instead of the uUAV provided that the uUAV and the tUAV are hovering at the same location. This is because the tUAV is directly connected to the core network through the tether while the uUAV needs to communicate to the TBS for data backhauling. Fig. 7 also shows P u for the uUAV-assisted network with limited uUAV availability cycles, where the uUAV is unavailable during battery replacement/charging. Fig. 9a and 9b. While it is always possible to place the uUAV at the location where P u is maximized as in Fig. 9a , The tUAV is constrained by the tether length and the GS location as Fig. 9b shows. Theorem 3 is numerically verified in Fig. 9b . By drawing any circle C(L n , R n (h u )) with L n and R n (h u ) representing the GS x − y location and the radius within which the tUAV can fly at the height h u , the maximum P t in B(L n , R n (h u )) belongs to the region described in the theorem. Fig. 9 : Optimal uUAV and tUAV {x, y} locations for max. coverage probabilities, P u and P t In Fig. 10 , the tUAV coverage probability performance is tested for random GS locations.
Based on the model developed by ITU, the average number of buildings per km 2 is given as γ 3 and the height of each building follows the Rayleigh distribution with the PDF expressed as [13] ,
where γ 1 is the Rayleigh distribution parameter. For dense urban environment, γ 1 = 20 and γ 3 = 300 while for highrise urban environment, γ 1 = 50 and γ 3 = 300. Given the tether length and the percentage of accessible rooftops δ A , the system average coverage probability P t for an optimally placed tUAV-assisted system is shown in Fig. 10 for the dense and the highrise urban environments. Note that for the highrise urban environment, we assume the TBS height for the highrise urban environment scenario. Clearly, as the tether length and the building accessibility increase, the freedom of moving the tUAV toward the optimal tUAV location increases. We also note that even for relatively high building accessibility, the coverage probability saturates at low values when the tether length is 25 and 50. This is because the average buildings height is 20[m] for dense urban environment and therefore only 1.11% of the buildings are statistically higher than 60[m]. As a result, short tethers will prevent the tUAV from reaching the optimal heights. The figure also shows the maximum coverage probability a freely moving tUAV can achieve (i.e., tUAV with infinite tether length and zero inclination angle). Given a building accessibility of δ A ≥ 0.25 and tether length of 100[m], the coverage performance of the tUAV-assisted system is very close to the maximum achievable coverage probability. Therefore, tether length of 100[m] is in general long enough to achieve near optimal coverage probability. Both the uUAV and the tUAV-assisted systems coverage probabilities are degraded for the highrise urban environment as compared to the dense urban environment. We also note that the tUAV system performs much better than the uUAV-assisted system for the highrise urban environment, while the systems performance is comparable for the dense urban environment. This is due to the lower LoS probability in the highrise urban environment and because the uUAV has to establish two A2G/G2A links to connect the RU to the core network while the tUAV only establish one link toward the RU.
In Fig. 11 , the average coverage probabilities for the uUAV and the tUAV-assisted systems are shown against the TBS x-axis location. The location and height of the accessible buildings are random based on the dense urban environment and the accessibility factor δ A = 0.3. When the TBS is close to the hot-spot center,
The coverage probability for the uUAV and tUAV-assisted systems are high and comparable when the TBS is near the hot-spot center. This is because the TBS has a good coverage to the hot-spot and because the uUAV can cover the hot-spot and communicate to the TBS reliably.
As the distance between the TBS and the hot-spot center increases, the tUAV-assisted system starts to clearly outperform the the uUAV-assisted system. Interestingly, the coverage probability is not maximum when the TBS is at the hot-spot center. Optimally, the TBS location is at one side of the hot-spot to sever the near users while the users on the other side are served by the UAV.
VI. CONCLUSION
In this paper, we provided analysis for the uUAV and the tUAV-assisted systems where users within a circular hot-spot associate with the UAV or the TBS based on the user-end link quality.
For a randomly located user, the joint PDF of the distance to the UAV and the TBS is derived in order to compare the user-end TBS-RU and UAV-RU links quality and associate accordingly. The optimal location of the uUAV and the tUAV such that the coverage probability over a circular hot-spot is maximized belongs to a set of relatively small subsets. Hence, exhaustive search or other search methods such as simulated annealing can be efficiently utilized to obtain the optimal UAV location for a given hot-spot and TBS and GSs locations.
Given a random tether GS accessibility, a comparison between the uUAV and the tUAVassisted systems is provided in the numerical results. The results suggest that the tUAV-assisted system outperforms the uUAV-assisted system. Even for an uUAV availability of 100%, the tUAV assisted system provides higher coverage probability given a rooftop accessibility higher than δ A = 0.05 and a tether length of at least 100[m] in the dense urban environment. We conclude 
To find |B (L i , r i ) ∩ B c |, consider the following two cases,
The intersection region is as shown in Fig. 12a (the green shading) and,
The intersection region is as shown in Fig. 12 and 12c (the green shading + the orange shading) and,
where |A(L i , r i , L o , R o )| is the arc length (as shown in Fig. 12 ) derived as follows.
Since it will be used at other parts of the paper, we will derive the arc length for any two intersecting circles C(L i , R i ) and C(L j , R j ). Because |A(L i , r i , L j , R j )| is independent from the circles absolute locations given a fixed distance D i−j from their centers, we assume L i = {D i−j , 0, 0} and L j = {0, 0, 0}. From the circles equations, the circles C(L i , R i ) and
The angle at L i enclosed by the lines L(L i , L j ) on one side and L(
on the other side is expressed as,
From (47), the arc length |A(L i , r i , L j , R j |) is given as,
Therefore, the arc length
Taking the derivate of (43) and (44) w.r.t. r i , Lemma 1 is proved.
APPENDIX B LEMMA 2 PROOF
Given that the RU is at distance R b = r b from the TBS, we consider the two cases as shown in Fig. 13 (a and b) , Fig. 13(a) . Therefore, the RU location, denoted as L r is uniformly distributed over C(L b , r b ).
The distance between the RU and the UAV is bounded by
By taking the derivative w.r.t r u , the conditional PDF is obtained as, Fig. 13 : The conditional distance between the UAV ground projection and the RU given the distance between the TBS ground projection and the RU.
is inside B(L o , r o ) as shown in Fig. 13(b) . Therefore, L r is uniformly distributed over
being the points of intersection between C(L o , R o ) and C(L b , r b ), and the anglesθ u = ∠(L + x , L b , L u ) andθ u = (π +θ u ) mod 2π as shown in Fig. 13(b) . Now we consider the following three cases for
By substituting (54) in (53) and taking the derivative w.
is symmetric around the line connecting L b and L u and can be split into two sides. When
intersect only from one side. Therefore,
By substituting (56) in (53) and taking the derivative w.
By substituting (58) in (53) and taking the derivative w.
Combining all cases, Lemma 2 is proved.
APPENDIX C THEOREM 1 PROOF
The Rayleigh fading channel coverage probability from the TBS is derived as follows,
where (a) follows from the coverage probability definition, The Nakagami-m fading channel coverage probability from the UAV to the RU is derived as follows,
where (a) follows from the CCDF of G u−r , (b) follows from the incomplete gamma function definition for m ∈ Z + , and (c) follows from the expectation over R u .
APPENDIX E THEOREM 3 PROOF
For a given GS, the maximum coverage probability is obtained by placing the tUAV at the optimal location on the (cropped) spherical cone,M n . By fixing the tUAV hovering height at h u ∈ [h n , h n + T ], the tUAV can fly within the (cropped) desk,B L n ,R n (h u , ψ (n) u ) . To prove Theorem 3, we prove the following two claims: (1) As the tUAV moves far from the TBS with a constant distance from L o , the coverage probability P t is improved. Hence, the optimal tUAV location belongs to A 1 as shown in Fig. 14a. (2) As the tUAV moves closer to L o with a constant distance from the TBS, P t is also improved. As a result, the optimal tUAV location belongs to A 2 as shown in Fig. 14b . The intersection region,
is O n as described in Theorem 3. Therefore, by proving these two claims, Theorem 3 is proved.
The two claims are proved as follows: 1) Compare P t at two tUAV locations, L u1 and L u2 , with same distances from L o , D u1−o = D u2−o but different distances from the TBS,
(a) Comparison between two tUAV locations at the same distance from L o but different distances from L b .
Comparison between two tUAV locations at the same distance from L b but different distances from L o . Fig. 14: Optimal tUAV location at a given height. two halves, H 1 and H 2 , by a hypothetical line where SNR u1−r = SNR u2−r for any RU on the line, this line is denoted as L H1 (see Fig. 14a ). For any user location L p1 ∈ H 1 , there is another user location (with same probability) such that L p2 ∈ H 2 and, L p1 and L p2 are symmetric around L H1 . We note that P b−r (p 1 ) ≥ P b−r (p 2 ), P u1−r (p 2 ) = P u2−r (p 1 ), P u1−r (p 1 ) = P u2−r (p 2 ) and P u1−r (p 2 ) ≤ P u1−r (p 1 ) where P i−j (p k ) is the i−j link coverage probability a point located at L pk . Now, compare P t for the tUAV locations L u1 and L u2 for all the possible six cases: a) P b−r (p 2 ) < P u1−r (p 1 ): The users at p 1 and p 2 are served by the TBS whether the tUAV is at L u1 and L u2 . Therefore, P t (p 1 ) = P b−r (p 1 ) and P t (p 2 ) = P b−r (p 2 ). b) P b−r (p 1 ) ≥ P u1−r (p 1 ) ≥ P b−r (p 2 ) ≥ P u1−r (p 2 ):
• tUAV at L u1 : P t (p 1 ) = P b−r (p 1 ), and, P t (p 2 ) = P b−r (p 2 ).
• tUAV at L u2 : P t (p 1 ) = P b−r (p 1 ), and, P t (p 2 ) = P u2−r (p 2 ) > P b−r (p 2 ). c) P b−r (p 1 ) ≥ P u1−r (p 1 ) ≥ P u1−r (p 2 ) ≥ P b−r (p 2 ):
• tUAV at L u1 : P t (p 1 ) = P b−r (p 1 ), and, P t (p 2 ) = P u1−r (p 2 ).
• tUAV at L u2 : P t (p 1 ) = P b−r (p 1 ), and, P t (p 2 ) = P u2−r (p 2 ) > P u1−r (p 2 ). d) P u1−r (p 1 ) ≥ P b−r (p 1 ) ≥ P u1−r (p 2 ) ≥ P b−r (p 2 ):
• tUAV at L u1 : P t (p 1 ) = P u1−r (p 1 ), and, P t (p 2 ) = P u1−r (p 2 ).
• tUAV at L u2 : P t (p 1 ) = P b−r (p 1 ) ≥ P u1−r (p 2 ). And, P t (p 2 ) = P u2−r (p 2 ) = P u1−r (p 1 ). e) P u1−r (p 1 ) ≥ P b−r (p 1 ) ≥ P b−r (p 2 ) ≥ P u1−r (p 2 ):
• tUAV at L u1 : P t (p 1 ) = P u1−r (p 1 ), and, P t (p 2 ) = P b−r (p 2 ).
• tUAV at L u2 : P t (p 1 ) = P b−r (p 1 ) ≥ P b−r (p 2 ), and, P t (p 2 ) = P u2−r (p 2 ) = P u1−r (p 1 ). f) P u1−r (p 1 ) ≥ P u2−r (p 2 ) ≥ P b−r (p 1 ) ≥ P b−r (p 2 ):
• tUAV at L u2 : P t (p 1 ) = P u2−r (p 1 ) = P u1−r (p 2 ), and, P t (p 2 ) = P u2−r (p 2 ) = P u1−r (p 1 ).
In all the cases, the overall coverage probability P t is enhanced or unchanged when the tUAV is located at L u2 as compared with L u1 , which proves the first claim.
2) Compare P t at two tUAV locations, L u1 and L u2 , with same distances from the TBS,
We draw a hypothetical line, denoted as L H2 , where SNR u1−r = SNR u2−r at any RU on the line (see Fig. 14b ).
Since For any user location L p1 ∈ H 1 , there is another user location (with same probability) such that L p2 ∈ H 2 where L p1 and L p2 are symmetric around L H2 . We note that P b−r (p 1 ) = P b−r (p 2 ), and P u1−r (p 1 ) = P u2−r (p 2 ) and P u1−r (p 2 ) = P u2−r (p 1 ). In each of the following cases,
• P b−r (p 1 ) > P u1−r (p 1 ),
• P b−r (p 1 ) < P u1−r (p 2 ),
• P u1−r (p 2 ) < P b−r (p 1 ) < P u1−r (p 1 ), the same coverage probability over the region H 1 ∪ H 2 is obtained whether the tUAV is placed at L u1 or L u2 . However, if the RU is located at L p3 ∈ H 3 , the coverage probability at L p 3 can be computed as follows: • tUAV at L u1 : P t (p 3 ) = P b−r (p 3 ).
• tUAV at L u2 : P t (p 3 ) = P u2−r (p 1 ) ≥ P b−r (p 3 ).
Therefore, the overall coverage probability P t is enhanced or unchanged when the tUAV is located at L u2 as compared with L u1 which proves the second claim.
